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VON NEUMANN BETTI NUMBERS
AND NOVIKOV TYPE INEQUALITIES
Michael Farber
Abstract. In this paper we show that Novikov type inequalities for closed 1-forms
hold with the von Neumann Betti numbers replacing the Novikov numbers. As a
consequence we obtain a vanishing theorem for L2 cohomology. We also prove that von
Neumann Betti numbers coincide with the Novikov numbers for free abelian coverings.
§0. Introduction
S. Novikov and M. Shubin [NS] proved that Morse inequalities for smooth functions
remain true with the usual Betti numbers being replaced by the von Neumann Betti
numbers.
Novikov [N] initiated an analog of the Morse theory for closed 1-forms. He showed
that the Morse inequalities for functions can be generalized to closed 1-forms if instead
of the Betti numbers one uses the Novikov numbers (they will be briefly reviewed in
§3.1 below).
In this paper we show that the inequalities of Novikov and Shubin [NS] hold for
closed 1-forms as well. This result gives new Novikov type inequalities for closed
1-forms. Viewed differently, this gives a vanishing theorem for L2 cohomology, gen-
eralizing a theorem of W. Lu¨ck [L3].
The proof of our Theorem 1 uses an idea of Gromov and Eliashberg [EG], which
consist in counting additional critical points which appear when transforming the
given closed 1-form into a function; the proof also uses the multiplicativity of the von
Neumann Betti numbers under finitely sheeted coverings.
In papers [BF2] and [MS] different Novikov type inequalities using the von Neu-
mann Betti numbers were put forward. These inequalities involve cohomology of flat
bundles of Hilbertian modules twisted by a generic line bundle determined by the
closed 1-form (similarly to the finite dimensional case). Our approach in this paper
does not require the twisting, and therefore it is simpler. On the other hand V.
Mathai and M. Shubin [MS] allow more general Hilbertian flat bundles.
It is clear that one may easily generalize Theorem 1 below for closed 1-forms with
Bott type singularities, in a fashion similar to [BF1], [BF2].
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§1. The main results
First we recall the basic notions.
A closed 1-form ω locally is a differential of a function ω|U = dfU , where fU is a
smooth function on U , determined up to a constant. Hence, all local properties of
functions (e.g. the notions of a critical point, Morse singularities, indices) immediately
generalize to closed 1-forms. For example, a point p ∈ U is a critical point of ω if p
if it is a critical point of fU (which is equivalent to the requirement that ωp = 0); p a
nondegenerate (or Morse) critical point of the form ω if it is a Morse critical point
of the function fU , etc.
1. Theorem. Let M be a closed smooth manifold and let ω be a closed 1-form on
M , having only Morse singularities. Let pi′ ⊂ pi = pi1(M) be a normal subgroup with
the following property: for any loop γ ∈ pi′ holds
∫
γ
ω = 0. Then
i∑
k=0
(−1)kci−k(ω) ≥
i∑
k=0
(−1)kb
(2)
i−k(M˜ ; pi/pi
′), i = 0, 1, 2, . . . , (1-1)
where ci(ω) denotes the number of critical points of ω having index i, M˜ denotes the
covering of M corresponding to pi′, and b
(2)
i (M˜ ; pi/pi
′) denotes the von Neumann Betti
number of M˜ . In particular, (1-1) implies
ci(ω) ≥ b
(2)
i (M˜ ; pi/pi
′). (1-2)
For the definitions of von Neumann Betti numbers and their main properties we
refer to [A], [CG], [L2], [F2].
Theorem 1 obviously implies Corollaries 2 and 3, cf. below. These Corollaries
generalize a theorem of Wolfgang Lu¨ck [L1] (conjectured by M. Gromov), stating
that L2-Betti numbers of a manifold, fibering over the circle, vanish.
2. Corollary (Vanishing Theorem). Let M be a closed smooth manifold admit-
ting a closed 1-form with Morse type singularities having no critical points of index j
for some 0 < j < n. Then for any normal subgroup pi′ ⊂ pi, lying in the commutator
subgroups of pi = pi1(M), the j-dimensional von Neumann Betti number vanishes
b
(2)
j (M˜ ; pi/pi
′) = 0. (1-3)
3. Corollary (Morse Lacunary Principle). LetM be a closed manifold admitting
a closed 1-form ω with Morse type singularities so that all the critical points of ω
have even indices. Then for any normal subgroup pi′ ⊂ pi, lying in the commutator
subgroups of pi = pi1(M), the odd-dimensional von Neumann Betti numbers vanish
b
(2)
2j−1(M˜ ; pi/pi
′) = 0 and the even-dimensional von Neumann Betti numbers are given
by the formula
b
(2)
2j (M˜ ; pi/pi
′) = c2j(ω). (1-4)
Note that Theorem 0.3 of [BF1] implies that under the conditions of Corollary 2
the number c2j(ω) equals the Novikov number b2j(ξ), where ξ ∈ H
1(M ;R) is the
cohomology class of ω. Hence we obtain the equality
b
(2)
2j (M˜ ; pi/pi
′) = b2j(ξ),
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compare Theorem 5 below.
Definitions of the Novikov numbers can be found in the literature [BF1], [F1],
[N]. Paper [BF1] contains a stronger version of Novikov type inequalities and a more
general notion of Novikov numbers. In this paper we will use only the standard
Novikov numbers bi(ξ). It will be convenient for our purposes to be based on the
definition given in [BF1], cf. §3.1.
4. Corollary (Symplectic circle actions). Let M be a closed symplectic man-
ifold admitting a symplectic circle action with isolated fixed points. Then for any
normal subgroup pi′ ⊂ pi, lying in the commutator subgroups of pi = pi1(M), the
odd-dimensional von Neumann Betti numbers vanish b
(2)
2j−1(M˜ ; pi/pi
′) = 0, and the
even-dimensional von Neumann Betti numbers coincide with the Novikov numbers
b
(2)
2j (M˜ ; pi/pi
′) = b2j(ξ). (1-5)
Here ξ ∈ H1(M ;R) denotes the cohomology class of the generalized moment map,
and bi(ξ) denotes the i-dimensional Novikov number, corresponding to ξ.
Proof of Corollary 4. Let us first explain the terms used in Corollary 4. Suppose
that Ω denotes the symplectic form ofM . The S1 action is assumed to be symplectic,
which means that for any g ∈ S1 holds g∗Ω = Ω. Let X denote the vector field
generating the S1-action. Then
ω = ι(X)Ω (1-6)
is a closed 1-form on M , which is called the generalized moment map. We consider
its De Rham cohomology class ξ = [ω] ∈ H1(M ;R) of ω. Recall that a symplectic
circle action is called Hamiltonian if ξ = 0. In this case the Novikov numbers bi(ξ)
coincide with the Betti numbers bi(M).
The critical points of the generalized moment map ω are precisely the fixed points
of the circle action. It is well known that ω has Morse type singularities, assuming
that the fixed points are isolated; moreover, all the critical points have even indices,
cf. [Au]. Hence from Corollary 3 we obtain that b
(2)
2j−1(M˜ ; pi/pi
′) = 0 and the even-
dimensional von Neumann Betti numbers are given by the formula (1-4). Now we
will use the main theorem 0.3 of [BF1], which gives
c2j(ω) = b2j(ξ). (1-7)

The following Theorem states that in the special case when pi′ coincides with the
ker(ξ) the inqualities of Theorem 1 are precisely the Novikov inequalities.
5. Theorem (Novikov numbers equal L2 Betti numbers). Let M be a closed
smooth manifold and let ξ ∈ H1(M ;R) be a nontrivial cohomology class. Let pi′ be
the kernel of the homomorphism ξ : pi = pi1(M) → R determined by ξ. Then the
i-dimensional Novikov number bi(ξ) coincides with the i-dimensional von Neumann
Betti number of the covering M˜ →M corresponding to pi′:
bi(ξ) = b
(2)
i (M˜ ; pi/pi
′). (1-8)
The plan of the paper is as follows. Proof of Theorem 1 is presented in §2. Proof
of Theorem 5 is described in §3.
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§2. Proof of Theorem 1
Let ω be a closed 1-form on a closed manifold M . First, we will assume that the
form ω has integral periods, i.e. its cohomology class is integral ξ = [ω] ∈ H1(M ;Z);
the general case will be treated at the end of the proof.
There exists a smooth map into the circle f :M → S1 with ω = f∗(dθ), where dθ
denotes the standard angular form on the circle. This map is given by
f(x) = exp(2pii
∫ x
x0
ω),
where x0 ∈M is a base point. We will also denote by ξ : pi = pi1(M)→ Z the induced
homomorphism [γ] 7→
∫
γ
ω, where γ is a loop in M .
Given a positive integer m, we will denote by pim the preimage pim = ξ
−1(mZ).
It is a normal subgroup containing pi′. Denote by M˜m the cyclic m-sheeted covering
M˜m →M corresponding to the subgroup pim. It is clear that the pullback ω˜m of the
form ω to M˜m has the following Morse numbers
cj(ω˜m) = m · cj(ω). (2-1)
Claim. There exists a constant C, independent of m, so that on each manifold M˜m
there exists an exact 1-form ω˜′m
cj(ω˜m) ≤ cj(ω˜
′
m) ≤ cj(ω˜m) + C, j = 0, 1, . . . (2-2)
We will postpone the proof of the Claim and will continue the proof of the Theorem.
We have the inequality
i∑
k=0
(−1)kci−k(ω˜
′
m) ≥
i∑
k=0
(−1)kb
(2)
i−k(M˜ ; pim/pi
′), i = 0, 1, 2, . . . , (2-3)
which is just the Novikov - Shubin inequality [NS] (cf. also [MS]) applied to the exact
form ω˜′m on the compact manifold M˜m.
Multiplicativity of the von Neumann Betti numbers under finitely sheeted coverings
gives
b
(2)
j (M˜ ; pim/pi
′) = m · b
(2)
j (M˜ ; pi/pi
′), (2-4)
cf. [L2], Theorem 1.7, statement 7. Here we use our assumption that pi′ ⊂ ker(ξ).
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Combining (2-1), (2-2), (2-3), (2-4) we will have
i∑
k=0
(−1)kci−k(ω) =
1
m
i∑
k=0
(−1)kci−k(ω˜m) ≥
1
m
[
i∑
k=0
(−1)kci−k(ω˜
′
m)− (i+ 1) · C] ≥
1
m
[
i∑
k=0
(−1)kb
(2)
i−k(M˜ ; pim/pi
′)− (i+ 1) · C] =
i∑
k=0
(−1)kb
(2)
i−k(M˜ ; pi/pi
′)−
(i+ 1) · C
m
.
(2-5)
Hence,
i∑
k=0
(−1)kci−k(ω) ≥
i∑
k=0
(−1)kb
(2)
i−k(M˜ ; pi/pi
′)−
(i+ 1) · C
m
(2-6)
for arbitrary m > 0. Since C is independent of m, taking the limit m → ∞ in the
obtained inequality (2-6) proves (1-1).
Now we want to prove the Claim.
Suppose that exp(2piiθ0) ∈ S
1 is a regular value of the map f : M → S1, where
0 < θ0 < 1. Let V ⊂ M denote f
−1(θ0). Consider the cylinder V × [−1, 1] and find
an arbitrary Morse function
φ : V × [−1, 1]→ R (2-7)
with the following properties:
(a) φ assumes values in the open interval (0, 1);
(b) φ(v, t) = 1 + δt for all t ∈ [−1,−1/2) and v ∈ V , where 0 < δ < 1 is a fixed
number;
(c) φ(v, t) = δt for all t ∈ (1/2, 1] and v ∈ V .
We will denote by C the total number of critical points of φ.
For any m we have the following commutative diagram
M˜m
fm
−−−−→ S1y
yz 7→zm
Mm
f
−−−−→ S1
We obtain ω˜m = f
∗
m(dθ), where fm : M˜m → S
1 is a smooth map. It is clear that
for any m we may smoothly imbed V × [−1, 1] into M˜m so that on the image of
V × [−1, 1] the map fm is given by fm(v, t) = exp(2pii[θ0/m+ δt]). We will construct
now a new map gm : M˜m → S
1 as follows:
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(a) gm coincides with fm on the complement of V × [−1, 1] in M˜m;
(b) on V × [−1, 1] the map gm is given by
gm(v, t) = exp(2pii[θ0/m+ φ(v, t)]),
where φ : V × [−1, 1]→ R is the function constructed above.
Set ω˜′m = g
∗
m(dθ). Then the obtained 1-form ω˜
′
m is exact since the map gm :
M˜m → S
1 is null homotopic (it does not assume the value exp(2piiθ0/m) ∈ S
1). The
inequality (2-2) is clearly satisfied since the forms ω˜m and ω˜
′
m have the same critical
points on the complement of V ×[−1, 1] and on V ×[−1, 1] the form ω˜m has no critical
points, while the form ω˜′m may have at most C critical points.
This proves the Claim and hence completes the proof of Theorem 1 in the case of
closed 1-forms ω having integral cohomology classes.
Consider now a closed 1-form ω representing an arbitrary cohomology class ξ =
[ω] ∈ H1(M ;R) and having Morse type singularities. It clearly defines a homomor-
phism ξ : H1(M ;Z) → R and the image im(ξ) is a finitely generated free abelian
group. We will denote the rank of this image by r = rank(im(ξ)) = rank(ω).
Note that any closed 1-form ω having rank 1 can be represented as ω = λω0, where
λ > 0 and ω0 represents an integral class. Since the forms ω and ω0 have the same
critical points, we conclude that Theorem 1 holds for all closed 1-forms of rank 1.
Suppose now that ω is a closed 1-form having rank r > 1. Then we may find a
sequence of closed 1-forms ωn on M with the following properties:
(i) ωn converges to ω in the C
0-norm;
(ii) there exists a neighbourhood U of the set S of critical points of ω such that
ω|U = ωn|U for all n;
(iii) ωn has rank 1 for every n;
(iv) the homomorphism [ωn] : H1(M ;Z)→ R vanishes on ker(ξ).
Because of (i) and (ii), for large n the form ωn has the same critical points as ω
and they have the same indices cj(ω) = cj(ωn). Because of properties (iii) and (iv)
we have the inequality
i∑
k=0
(−1)kci−k(ωn) ≥
i∑
k=0
(−1)kb
(2)
i−k(M˜ ; pi/pi
′), i = 0, 1, 2, . . . ,
which obviously implies (1-1).
Let us show how to construct the sequence of forms ωn. Let Nξ ⊂ H
1(M ;R) be
the subspace formed by classes η with η|ker(ξ) = 0; here r = rank(ξ). Let η1, . . . , ηr
be a basis of Nξ such that rank(ηj) = 1 for j = 1, . . . , r. We may realize each class ηj
by a closed 1-form νj which vanishes identically in a neighbourhood of the zeros of
ω. We may write ξ =
∑r
j=1 αjηj , where αj ∈ R. Now, choose a sequence of rational
numbers αnj converging to αj as n→∞. Then the sequence of closed 1-forms
ωn = ω +
r∑
j=1
(αnj − αj)νj
satisfies all the requirements. This completes the proof. 
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§3. Proof of Theorem 5
The proof of theorem 5 will use basic harmonic analysis.
Before starting the proof we recall the definition of the Novikov numbers.
3.1. The Novikov numbers bi(ξ). Let ξ ∈ H
1(M ;R) be a cohomology class. We
will denote by ker(ξ) the kernel of the induced homomorphism ξ : H1(M ;Z)→ R.
Let us consider complex flat line bundles L→M with the following property: the
monodromy along any loop γ ∈ ker(ξ) is identity. We will denote by Vξ the set of
isomorphism classes of all such flat line bundles. Given L ∈ Vξ, it has the monodromy
homomorphism
MonL : H1(M ;Z)/ ker(ξ)→ C
∗,
which completely determines the isomorphism type of L. Hence, there is a one-to-one
correspondence between Vξ and the complex torus (C
∗)r. Here r is the rank of class
ξ, i.e. r = rank(H1(M ;Z)/ ker(ξ)) = rank(ξ). This identification Vξ ≃ (C
∗)r allows
to view Vξ as an affine algebraic variety.
Fix some i (with 0 ≤ i ≤ dimM) and consider the function
Vξ ∋ L 7→ dimCHi(M ;L). (3-1)
It is well know in the algebraic geometry (cf. [H], chapter 3, §12) that function (3-1)
has the following property: there exists a proper algebraic subvariety V = Vi(M) ⊂ Vξ
such that the dimension dimCHi(M ;L) is constant for all L /∈ V and for L
′ ∈ V
dimCHi(M ;L
′) > dimCHi(M ;L). (3-2)
Definition. The Novikov number bi(ξ) is defined as dimCHi(M ;L) for L ∈ Vξ−V .
3.2. Unitary flat bundles. Consider the subset Tξ ⊂ Vξ consisting of isomorphism
classes of flat line bundles L admitting flat Hermitian metrics. Under the identifica-
tion Vξ ≃ (C
∗)r given by the monodromy representation, the subset Tξ corresponds
to the real torus (S1)r ⊂ (C∗)r. This shows, in particular, that Tξ is a real analytic
subvariety of Vξ.
It is easy to see that any complex Laurent polynomial p(z1, . . . , zr, z
−1
1 , . . . , z
−1
r ),
which vanishes on the torus (S1)r ⊂ (C∗)r, is identically zero. Hence, the intersection
of any non-empty Zariski open subset of (C∗)r with the torus Tξ is non-empty.
This implies the following interpretation of the Novikov numbers:
3.3. Corollary. For a fixed M and ξ ∈ H1(M ;R), consider the function
Tξ ∋ L 7→ dimCHi(M ;L). (3-3)
There exists a proper real analytic subvariety V = Vi(M) ⊂ Tξ such that for all L /∈ V
the dimension dimCHi(M ;L) equals to the Novikov number bi(ξ) and for L
′ ∈ V
dimCHi(M ;L
′) > bi(ξ). (3-4)
8 MICHAEL FARBER
3.4. Proof of Theorem 5. Let M be a closed manifold and let ξ ∈ H1(M ;R) be a
real cohomology class. Consider the covering M˜ →M corresponding to the subgroup
pi′ = ker(ξ) ⊂ pi = pi1(M). Then pi/pi
′ is isomorphic to Zr for some r.
Recall that the von Neumann Betti number b
(2)
i (M˜ ; pi/pi
′) is defined as follows. Fix
a smooth triangulation of M and consider the induced (equivariant) triangulation
of the covering space M˜ . Let C∗(M˜) denote the simplicial chain complex of this
triangulation; it consists of free finitely generated Z[Zr]-modules and Z[Zr]-module
homomorphisms. Consider the Hilbert space L2(Zr) with its canonical Zr-action and
form the complex of Hilbert spaces
L2(Zr)⊗Zr C∗(M˜). (3-5)
The von Neumann Betti number b
(2)
i (M˜ ; pi/pi
′) is defined as the von Neumann di-
mension of the reduced homology of complex (3-5), cf. [A], [CG], [F2], [L2].
Let us now remind the standard construction of the harmonic analysis, providing
an isomorphism between the space of L2-functions on the torus (S1)r with respect to
the Lesbegue measure dµ (which will be assumed to be normalized so that the total
torus (S1)r has measure 1) and the space of L2-functions on the lattice Zr. Points of
the lattice Zr we will denote by r-tuples n = (n1, n2, . . . , nr), where n1, . . . , nr ∈ Z.
Points of the torus (S1)r we will denote by z = (z1, z2, . . . , zr), where z1, . . . , zr ∈
S1 ⊂ C. The symbol zn will denote the product zn = zn11 · z
n2
2 · . . . · z
nr
r ∈ S
1. Any
L2-function f ∈ L2((S1)r, dµ) can be uniquely represented by its Fourier series
f(z) =
∑
n∈Zr
anz
n.
The correspondence f 7→ (an)n∈Zr defines an isometry L
2((S1)r, dµ) ≃ L2(Zr). It
is important that under this isometry the multiplication by zm in L2((S1)r, dµ) (i.e.
the map f(z) 7→ zmf(z)) transforms into the shift (an)n∈Zr 7→ (an)n+m∈Zr in L
2(Zr);
here m ∈ Zr.
The above identification allows to view the Hilbert space L2(Zr) as the space of L2-
sections of a vector bundle over the torus Tξ, which we will now describe. Consider
the real analytic line bundle L → Tξ of unitary Z
r-module structures on C. It is
trivial as a vector bundle and the fiber over a point z ∈ Tξ has the following Z
r-
action: a point of the lattice n ∈ Zr acts as multiplication by zn ∈ S1. We may form
the chain complex
L ⊗Zr C∗(M˜) (3-6)
which is a real analytic family (parametrized by the points of the torus Tξ) of chain
complexes of finite dimensional vector spaces. The L2-complex (3-5) is isomorphic
to the complex of L2-sections of (3-6). Hence, applying Theorem 4.11 from [F3] we
obtain that the von Neumann Betti number b
(2)
i (M˜ ; pi/pi
′) coincides with the generic
Betti number dimCHi(M ;L) for L ∈ Tξ − V , where V is a proper real analytic
subvariety. This may be also stated as the equality
b
(2)
i (M˜ ; pi/pi
′) =
∫
Tξ
dimCHi(M ;L)dµ(L). (3-7)
By Corollary 3.3 the generic Betti number is precisely the Novikov number bi(ξ).
This completes the proof. 
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